A 3-D orig i nal nu mer i cal study of en tropy gen er a tion in the case of liq uid metal lam i nar nat u ral con vec tion in a dif fer en tially heated cu bic cav ity and in the presence of an ex ter nal mag netic field or thogo nal to the iso ther mal walls is car ried out. The ef fect of this field on the var i ous types of irreversibilities is an a lyzed. It was observed that in the pres ence of a mag netic field the gen er ated en tropy is dis trib uted on the en tire cav ity and that the mag netic field lim its the 3-D char ac ter of the dis tribu tion of the gen er ated en tropy.
In tro duc tion
Many ther mo dy namic sys tems like the heat exchangers, turboshaft en gines, electrothermics, and po rous me dia are the sub ject of the ir re vers ibil ity phe nom ena due to heat gra di ents, fric tion ef fects, dif fu sion, and Joule ef fect etc… The anal y sis of the sec ond law of ther mo dy namic has re cently gained an im por tant at ten tion in or der to min i mize these irreversibilties. How ever, there are few works con cern ing en tropy gen er a tion in con fined nat ural con vec tion sit u a tions.
Magherbi et al.
[1] stud ied nu mer i cally the en tropy gen er a tion for the non-sta tion ary nat u ral con vec tion in square cav ity. The re sults prove that the to tal gen er a tion of en tropy reaches a max i mum value at the be gin ning, which in creases with the Ray leigh num ber and the ra tio of ir re vers ibil ity dis tri bu tion. They noted that the gen er a tion of en tropy tends as ymp tot ically to wards a con stant value for low Ray leigh num bers; while an os cil la tion of the en tropy gen er a tion was ob served for higher Ray leigh num bers, be fore reach ing the bal ance state. The re sults evince that by in creas ing the Ray leigh num ber, the ef fect of the vis cous ir re vers ibil ity starts to dom i nate the ir re vers ibil ity due to the ther mal trans fer. In the sta tion ary state, the gen era tion of en tropy is dis trib uted on the whole field for small Ray leigh num bers, but it is con fined in the vi cin ity of the ac tive walls for high Ray leigh num bers.
Erbay et al. [2] stud ied the same prob lem for par tially or com pletely heated cav ity. In the case of the com pletely heated walls, the ac tive zones of the gen er ated en tropy due to the thermal trans fer are in the low cor ner of the hot wall and the top cor ner of the cold wall. For the selec tive heat ing, the ac tive zones are lo cal ized in the higher part of the heated sec tion.
Var i ous geo met ric and ther mal bound ary con fig u ra tions are con sid ered in lit er a ture. Es pe cially the ef fect of in cli na tion is con sid ered by Baytas [3] and Magherbi et al. [4] . In deed, the aim of Baytas [3] re search is to study the en tropy gen er a tion in a tilted 2-D sat u rated po rous cav ity dur ing the ther mal trans fer of lam i nar nat u ral con vec tion. These re sults prove that when the Ray leigh num ber falls, the ther mal trans fer ir re vers ibil ity starts to dom i nate the fric tion one. The num ber of Bejan is quickly changed for in cli na tion be tween the an gles 150° and 270°.
Magherbi et al. [4] car ried out a nu mer i cal study re lat ing to the gen er a tion of en tropy due to the ther mal trans fer, the mass trans fer, and the fric tion. This study is done in the case of the dou bles dif fu sive lam i nar con vec tion, in an in clined cav ity with dif fu sive walls of heat and mass trans fer. The in flu ences of in cli na tion, the num ber of Grashof, and the ra tio of buoy ancy on the to tal gen er a tion of en tropy were stud ied. The lo cal iza tion of irreversibilities due to the ther mal trans fer, the mass trans fer, and the fric tion of the fluid is dis cussed for three an gles of incli na tion for a fixed Grashof num ber. The re sults prove that for mod er ate Lewis num bers, the total gen er a tion of en tropy rises when in creas ing the Grashof num ber or the buoy ancy ra tio. Locally, the ir re vers ibil ity due to heat and mass trans fer are al most iden ti cal and are lo cal ized at the bot tom and the top of the heated and cooled walls, re spec tively.
The im pact of the as pect ra tio is also con sid ered. Re cently, Ilis et al. [5] dem on strate that for high Ray leigh num ber, the to tal en tropy gen er a tion raises with in creas ing as pect ra tio, reach a max i mum and then de creases. The au thors pres ent in ad di tion a com plete bib li og ra phy on this sub ject.
It fig ures also the works of Varol et al. [6] con cern ing a tri an gu lar en clo sure and Dagtekin et al. [7] for G-shaped en clo sure. The first cited work showed that the slop ing wall angle can be used as a pa ram e ter to con trol en tropy gen er a tion. In fact, the en tropy pro duc tion rises with in creas ing the slop ing wall in cli na tion an gle of the tri an gu lar en clo sure. The sec ond cited work con cluded that the height of step is more ef fec tive than top face of the heated step in entropy gen er a tion. Also the ef fect of the as pect ra tio is not sig nif i cant for weak Ray leigh numbers.
To end with spe cial con fig u ra tions it is im por tant to men tion the re cent study of Famouri et al. [8] con cern ing the ef fect of ver ti cal po si tion of heated ob sta cle placed in square en clo sure on the lo cal and av er age en tropy gen er a tion.
Among a small num ber of works re lat ing to en tropy gen er a tion in the case of magnetohydrodynamic nat u ral con vec tion in con fined en clo sure, it fig ures the study ef fec tu ated by Mahmud and Fra ser [9] in the case of sat u rated po rous cav ity. The mag netic force is as sumed along the di rec tion of the force of grav ity. The ef fect of Ray leigh and Hartmann num bers on the av er age Nusselt num ber, the en tropy gen er a tion num ber, and Bejan num ber is ex am ined. The in crease in the Hartmann num ber tends to de lay the move ment of the fluid in side the cav ity. The Nusselt num ber falls with the in crease of Hartmann num ber. In the ab sence of the mag netic force, the rate of en tropy gen er a tion is rel a tively higher close to the two ver ti cal walls while this rate falls ac cord ing to Hartmann num ber.
En tropy gen er a tion in magnetohydrodynamic prob lems is more de vel oped for flow in chan nels. Ibáñez et al. [10] ap plied the method of minimization of en tropy gen er a tion to op timize a magnetohydrodynamic flow be tween two in fi nite par al lel walls hav ing a fin ished elec -tric con duc tiv ity. The au thors showed that the gen er a tion of en tropy reaches a min i mum when the walls are cooled in an asym met ri cal way. Also Mahmud et al. [11] , Tasnim et al. [12] , and Aiboud-Saouli [13] car ried out an anal y sis to study the first and the sec ond laws of ther mo dynam ics of a flow of mixed lam i nar con vec tion in side a ver ti cal chan nel un der the ac tion of a trans verse mag netic field.
Sev eral stud ies [14] [15] [16] [17] [18] [19] [20] [21] [22] were un der taken on the ef fect of ex ter nal mag netic field on the nat u ral con vec tion, these stud ies showed that this field re duces ther mal trans fer and or ga nizes the flow. These ef fects are very re quired in sev eral en gi neer ing ap pli ca tions like foundry, so lid ifi ca tion and es pe cially in the pro cesses of crys tal line growths. How ever there are few works con cern ing en tropy gen er a tion in pres ence of mag netic field.
Within this frame work we study the ef fect of a mag netic field on these losses of en ergy in the case of the 3-D nat u ral con vec tion by high light ing the ef fect of Hartmann num ber and the ir re vers ibil ity co ef fi cient. The Prandtl num ber is fixed at 0.026 and two Ray leigh num ber are used (Ra = 10 4 and Ra = 10 5 ). A fore most at ten tion is given to the 3-D char ac ter of irreversibilities. the left and right walls are dif fer en tially heated, the other walls are con sid ered adi a batic, and a ho mo ge neous magnetic field ex pressed by B 0 r e B is im posed per pen dic u lar to the heated walls. All the walls of the cav ity are con sid ered in su lat ing elec tri cally. Un der the ef fect of this field, electri cal cur rents will be in duced in the melt and the flow becomes con trolled by, in ad di tion to Ray leigh and Prandtl num bers, two new dimensionless pa ram e ters, which are the mag netic Reynolds num ber: R m = msn 0 l and the Hartman num ber:
Math e mat i cal for mu la tion and nu mer i cal model
The mag netic Reynolds num ber rep re sents the ra tio be tween the mag netic field induced by the move ment of the fluid and the ap plied mag netic field. The Hartmann num ber repre sents the ra tio be tween Lo rentz forces pro duced by the in ter ac tion of the cur rent den sity r ¢ J with the ap plied mag netic field ¢ r B , and the vis cos ity forces. In fact the move ment of the fluid is in duced by the vari a tions of the den sity caused by the gra di ents of tem per a ture. The pres ence of the mag netic field will cause in its turn a Lo rentz force, given by: [22] ¢ ¢ + ¢´¢ In ad di tion, for a mov ing me dium, the den sity of elec tri cal cur rent is gov erned by the Ohm law which is writ ten [22] :
In the case of a mol ten metal r e is usu ally very small com pare to s e , the terms r e E¢ r and r e V¢ r in the eqs.
(1) and (2) are neg li gi ble, ¢ r B is com posed by the ap plied mag netic field B e 0 r B and the in duced mag netic field pro duced by the elec tri cal cur rents. For mol ten metal R m < 10 -3 [23] and we can ne glect the in duced field so the Hartmann num ber be comes the only ad di tional param e ter re lated to the ex ter nal ap plied mag netic field. In ad di tion to Ohm's law, the den sity of elec tri cal cur rent ¢ r J is gov erned by the con ser va tion law:
Thus by add ing the re la tions re lat ing to the pres ence of the ex ter nal mag netic field to those of an or di nary hy dro dy namic lam i nar flow, the equa tions de scrib ing the prob lem of magnetohydrodynamic nat u ral con vec tion arise in the fol low ing way:
As nu mer i cal method we had re course to the vorticity-vec tor po ten tial for mal ism ( ) r r y w -which al lows, in a 3-D con fig u ra tion, the elim i na tion of the pres sure, which is a del i cate term to treat. To elim i nate this term one ap plies the ro ta tional to the equa tion of mo men tum. The vec tor po ten tial and the vorticity are, re spec tively, de fined by the two fol low ing re la tions:
The set ting in equa tion is de scribed with more de tails in the ar ti cle of Kolsi et al. [14] . Af ter non-dimensionalization of t', ¢ r V , ¢ r y , ¢ r w , ¢ r J , ¢ r B , F' by l 2 /a, a/l, a, l 2 /a, sn 0 B 0 , B 0 , ln 0 B 0 , respectively, the sys tem of equa tions con trol ling the phe nom e non be comes:
with Pr = n/a and Ra = (gbDTl 3 where r n is the unit vec tor nor mal to the wall. In the pres ence of a mag netic field the gen er ated en tropy is writ ten in the fol low ing form [11] :
where r e V¢ r is neg li gi ble and ¢ = -Ñ ¢ r q k T . The first term rep re sents the gen er ated en tropy due to tem per a ture gra di ent, the sec ond that due to the fric tion ef fects, and the last that due to the presence of the mag netic field.
The dis si pa tion func tion in in com press ible flow is writ ten as: 
With j is the ir re vers ibil ity co ef fi cient:
The first term of N S rep re sents the lo cal ir re vers ibil ity due to the tem per a tures gra dients (it is noted N S-th ). The sec ond term rep re sents the con tri bu tion of the vis cous ef fects in the ir re vers ibil ity (it is noted N S-fr ), and the third term rep re sents the gen er ated lo cal en tropy due to the Joule ef fect (it is noted N S-J ). N S give a good idea on the pro file and the dis tri bu tion of the gen er ated lo cal dimensionless en tropy. The to tal dimensionless gen er ated en tropy is writ ten:
Equa tions gov ern ing the prob lem are discretized us ing the fi nite vol ume method with a cen tral dif fer ence scheme. The or der of res o lu tion of the equa tions is suc ces sively equa tion of con ti nu ity, en ergy, mo men tum, Ohm's law, and con ser va tion of elec tric charge. More in for mation on the nu mer i cal method is in the work of Borjini et al. [15] .
Re sults and dis cus sion
In this study, the Prandtl num ber is fixed at Pr = 0.026 re lat ing to mer cury, two Ray leigh num ber are used -Ra =10 4 and Ra = 10 5 , and the Hartmann num ber lies be tween 0 and 150. The ir re vers ibil ity co ef fi cient lies be tween 10 -4 and 10 -1 . A par tic u lar in ter est is given to the study of the 3-D dis tri bu tion of the gen er ated en tropy and to the ef fect of the mag netic field on dif fer ent types of the irreversibilities. A uni form spa tial grid of 51 3 nodes and a dimensionless time step equal to 10 -4 are used. The so lu tion is con sid ered ac cept able when the fol low ing con ver gence crite rion is sat is fied for each step of time and for each de pend ent vari able: where the su per script m des ig nates the it er a tion num ber.
Flow struc ture Fig ure 2 pres ents the flow struc ture for var i ous Hartmann num bers (on half of the cavity), one no tices for Ha = 0, a one vor tex flow struc ture and a spi ral ing transversal dis or dered flow. By in creas ing Ha, the transversal flow be comes more and more or dered, such is the case for Ha = 50. For Ha = 60, the flow struc ture pres ents two vor ti ces, a more de tailed de scrip tion is re ported in [14] . Fig ure 3 rep re sents the vari a tion of the to tal gen erated en tropy as func tion of Hartmann num ber for differ ent ir re vers ibil ity co ef fi cient. It is no ticed that for j = 10 -1 , j = 10 -2 , and j = 10 -3 , the gen er ated en tropy in crease then de crease by in creas ing Ha. For j = 10 -4 the grow ing zone does not ex ist any more. This at tenu a tion is ex plained by the mag netic damp ing of the flow. It is also no ticed that the max i mum of S tot oc curs for 15 < Ha < 20 for all con sid ered val ues of j. Fig ures 4 , 5, 6, and 7 pres ent, for var i ous ir re vers ibil ity co ef fi cients, the vari a tion of S th , S fr , S J and S tot ac cord ing to Ha. One no tices that S th and S fr de crease ac cord ing to Ha, but S J pres ents a max i mum. From where the max i mum in the vari a tion of the to tal gen er ated en tropy ac cord ing to Ha is due to the dis si pa tion by Joule ef fect. This re sult is also met in the 2-D channel flow [10] .
Var i ous types of irreversibilities
By an a lyz ing these fig ures, one no tices that for j = 10 -1 and j = 10 -2 the gen er ated entropy due to the ther mal trans fer is neg li gi ble com pared to that due to the vis cous ef fects and the Joule ef fect. For j = 10 -3 , one no tices that S th be comes of the same or der of mag ni tude as S fr and S J . For j = 10 -4 the gen er ated en tropy due to the vari a tion in tem per a ture be comes dom i nant. Fig ures 4 , 5, 6 and 7 also show that the ef fect of the mag netic field is more con sid erable on S fr and S J that on S th and show that S J pres ents a max i mum for all the val ues of j.
3-D dis tri bu tion of the irreversibilities
In or der to an a lyze the 3-D as pect of the en tropy gen er a tion we traced for two val ues of the to tal gen er ated en tropy for Ha = 0, Ha = 50, and Ha = 100 ( fig. 8 ). The 3-D be hav ior is more im por tant for Ha = 0 for both j = 10 -1 and j = 10 -4 . For j = 10 -1 the gen er ated en tropy oc curs prin ci pally near the ac tive walls for both mod er ately and highly damped flow. As pre dicted and for j = 10 -4 and Ha = 0, the cre ation of en tropy is mainly lo cal ized near the bot tom of the hot surface and the top of the cold sur face. Fig ure 9 pres ents for Ha = 0 and Ha = 50 the dis tri bu tion of the lo cal to tal gen er ated en tropy in the z = 0.5 (in con tin ued lines) and z = 0.9 (in dashed lines) plans for dif fer ent values of the ir re vers ibil ity co ef fi cient. This fig ure con firms that the mag netic field lim its the 3-D char ac ter of the dis tri bu tion of the gen er ated en tropy for all value of j. This 3-D be hav ior is clear for j = 10 -3 and Ha = 0. Fig ures 10 and 11 rep re sent, re spec tively, for Ha = 0 and Ha = 50 a de com po si tion of the dis tri bu tion of to tal gen er ated en tropy for j = 10 -1 , in plans z = 0.5 and z = 0.9. For Ha = 0, S tot is bro ken up into S th and S fr . For Ha = 50, S tot is bro ken up into S th , S fr , and S J .
These fig ures show that for Ra = 10 4 and Ha = 0, the dis tri bu tion of S tot ( fig. 9 ) is very sim i lar to the iso-entropies due to fric tions, fig. 10(a) , what in di cates the pre dom i nance of the irre vers ibil ity due to the vis cous ef fects. For Ra =10 5 gen er ated entropies are more con cen trated (than Ra = 10 4 ) near the ac tives walls, for both Ha = 0 and Ha = 50.
By de creas ing ( fig. 9 ) the dis tri bu tion ap proaches with the iso-entropies due to tem pera ture gra di ent what in di cates the pre dom i nance of the ir re vers ibil ity due to the ther mal trans fer. The 3-D char ac ter ex ists for both S th and S fr . This is also no ticed that for low co ef fi cient of ir re vers ibil ity the gen er ated en tropy cov ers all the z = 0.5 plan. By in creas ing the co ef fi cient of ir re vers ibil ity, the gen er ated en tropy con centrates (lo cates it self) along the walls of the cavity. The im por tant gen er a tion of S fr is lo cated near the cen ter of the faces. The gen er a tion of S th is near the top cor ner of the hot wall and the bot tom of the cooled wall.
For Ha = 50, in fig. 11 , the gen er ated entropy is dis trib uted on all the cav ity and non-local ised near walls even for j = 10 -1 , which im plies that the mag netic field is opposed to the bound ary layer phe nom e non met for the great Ray leigh num bers. It is also noticed that iso-con tours of en tropy in the z = 0.5 and z = 0.9 plans are al most co in cided ex cept its fric tion con tri bu tion. This can be ex plained by the bi-dimensionalisation of the flow un der the ef fect of the mag netic field. The 3-D be hav ior of the dis tri bu tion of the gen er ated en tropy is im por tant for only the S fr . The max i mum of S J is lo cated in the re gion near the cen ter of ac tive walls. Fig ures 12 and 13 pres ent, re spec tively, for Ra = 10 4 and Ra = 10 5 a de com po si tion of the gen er ated en tropy for dif fer ent value of Ha. These fig ures show that by in creas ing Ha, S th becomes dis trib uted on all the cav ity spe cif i cally in low Ray leigh num ber, S fr con cen trates close to the higher and lower walls, and S J al ways is con cen trated near the ac tive walls. These phe nomena are more marked for Ra = 10 4 than for Ra = 10 5 . Fig ures 12 and 13 also show that the 3-D char ac ter is more pro nounced for the en tropy gen er ated due to the vis cous ef fects than the other types of irreversibilities. 
